We consider models of a scalar field coupled to quadratic R+R 2 gravity in the framework of the Palatini formulation. The resulting Einstein-frame generalized k-inflation effective theory is analyzed assuming that the constant-roll condition holds. We focus on a quartic selfinteraction potential, a case of particular appeal modelling Higgs inflation, considering the cases of minimal and non-minimal coupling of the inflaton to gravity. For an appropriate range of the model parameters in the large field domain the obtained values for the inflationary observables are found in agreement with current observations.
Introduction
The theory of cosmic inflation [1] [2] [3] [4] [5] [6] [7] , i.e. a period of quasi-de Sitter expansion of the Universe during the first instants after its birth, was initially motivated by its solution to the problems of traditional Big Bang cosmology, like the observed flatness and large scale CMB temperature uniformity. Nevertheless, its present appeal is that it provides a mechanism through which the tiny primordial inhomogeneities, arising as quantum fluctuations, are allowed to grow and become classical at superhorizon scales [8] [9] [10] [11] [12] [13] . Present experimental efforts focused on the CMB [14, 15] , strongly constrain the inflationary spectrum with an increasing accuracy, having narrowed considerably the range of viable inflationary models. Although the power spectrum of scalar perturbations is very nearly scale-invariant and Gaussian, and this agrees with inflationary models in their simplest implementation, in the medium-term future non-Gaussianities might be uncovered through the increasing accuracy of observations. The scalar degree of freedom (inflaton) employed in these models can either be a fundamental scalar field or can arise as an effective scalar degree of freedom incorporated in gravity itself. The latter possibility is realized in the so-called modified gravity models (see for a review [16] [17] [18] [19] [20] ) and in particular in the Starobinsky model [1] , which is persistently in agreement with observations, regarding its inflationary spectrum. In fact, the Starobinsky model, as well as any theory of gravity with an action d 4 x √ −g f (R), can be reformulated as a scalar-tensor theory of gravity with a non-minimal coupling of the effective scalar degree of freedom to the Ricci scalar.
Although known for sometime, the so-called first order or Palatini formulation of gravity [21] has recently received considerable attention , since, in the case of scalar fields non-minimally coupled to gravity, it leads to different predictions than the standard (dubbed as metric) formulation. In the Palatini formulation the metric g µν and the connection Γ ρ µν are treated as independent variables. Although within GR the Palatini formulation is entirely equivalent to the standard metric formulation, its application in theories containing f (φ)R-type non-minimal couplings, leads to different results. For example, the Starobinsky model within the Palatini formulation does not lead to any propagating scalar degree of freedom, in contrast to its metric formulation. Quadratic gravity with an R 2 term combined with a fundamental scalar non-minimally coupled through ξ φ 2 R, considered in the Palatini framework, leads to a generalization of a k-inflation-type theory , featuring additional kinetic terms A(φ)(∇φ) 2 + B(φ)(∇φ) 4 with field-dependent coefficients. In this article we investigate the phenomenological features of such models departing from the usual slow-roll approximation, where the second derivative in the inflaton equation of motion is neglected, and assuming that the constant-roll condition [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] holds true, meaning thatφ/Hφ ≈ constant. One of the features of constant-roll is its association with non-Gaussianities in the CMB spectrum, in contrast for example to the slow-roll treatment of k-inflation models where non-Gaussianities are small.
In the present article we reconsider the model of a scalar field coupled to gravity in the presence of an R 2 term in the framework of the Palatini formalism. We investigate the inflationary dynamics assuming that the constant-roll condition is valid and focus on the case of a quartic selfinteraction potential for the scalar field, a potential modelling the particularly appealing case of Higgs inflation [34, [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] . We find that the Einstein frame Lagrangian of the model
corresponds to a generalized k-inflation model with a significant contribution of the higher order kinetic terms to the predictions concerning the inflationary observables. All predicted observables are in agreement with the limits set by current observations for a reasonable range of the model parameters, while the inflationary dynamics takes place in the large field domain. This is in contrast to the slow-roll case where this was achieved only at the expense of an unusually large amount of e-folds [40] . Both the cases of minimal as well as non-minimal coupling of the scalar to gravity lead to acceptable results. The paper is organized as: In the following section we formulate the theory of quadratic gravity in terms of an auxiliary field χ in the presence of a fundamental scalar field φ with a possible non-minimal coupling and self-interaction potential V (φ). Under a Weyl rescaling of the metric and after solving the constraint equation of the auxiliary field, we arrive at the Einstein frame with a Lagrangian of the form of (1.1). Assuming a flat FRW background metric, we obtain the equations of motion of the theory. Then, in section 3, we set up the inflationary parameters and observables under the assumption of the constant-roll condition. In section 4, we focus on the quartic model and study its predictions for the primordial tilt, tensor-to-scalar ratio and power spectrum for the cases of minimal and non-minimal coupling to gravity. Finally, in the last section we summarize our conclusions.
Quadratic gravity in the Palatini formalism
Consider a scalar field φ with a self-interaction potential V (φ), that is coupled non-minimally to gravity through a term ξφ 2 R/2 in the presence of an αR 2 /4 term. We are anticipating that these terms are generated by radiative corrections. The interactions are parametrized in terms of the dimensionless parameters ξ and α. The resulting action
can be equivalently expressed in the scalar representation, reading
where χ is an auxiliary scalar, satisfying χ 2 = R on-shell. Going to the Einstein frame via the Weyl rescaling 1ḡ
and dropping the bars, we get
(2.4)
Note that, since we are working within the Palatini framework, the Ricci scalar R = g µν R µν (Γ) is only rescaled multiplicatively and no derivatives of φ and χ arise, the latter keeping its auxiliary field status. Solving the constraint equation δ χ S = 0 for χ 2 , we obtain
and substituting back into (2.4) we arrive at the action
expressed in terms of an effective Lagrangian
Note that L features up to quartic kinetic terms with field-depended coefficients, belonging to a generalized class of k-inflation models. The energy-momentum tensor corresponding to the source field φ, governed by L, is
Then, assuming that the scalar field is spatially homogeneous, depending only on time, we can obtain the energy density ρ = T 00 and the pressure as T ij = p g ij = L g ij , i.e.:
Assuming a spatially flat FRW metric, the equations of motion are:
where the dot denotes derivative with respect to the cosmic time t. These equations combined give the following equation
Finally, the scalar field equation of motion is
Hereafter, we denote with a prime the derivative with respect to φ.
Constant-Roll Inflation
The field φ, being the sole scalar degree of freedom, is our candidate for the inflaton. We shall assume that the constant-roll condition
is satisfied, β being a constant parameter. This condition approaches the slow-roll condition wherë φ 0 in the limit β 1. Let us also introduce the following slow-roll parameters (SRP) [88]
We shall also assume thatφ 2 /2 U (φ), at least during the initial stages of inflation, so that the parameters defined above also make sense. Later on, we shall check the smallness of the SRPs. Note that the constant-roll condition fixes 2 = −β. Also, in our case, being in the Einstein frame where F = 1/2, we have just 3 = 0. In terms of the SRPs we may express observable quantities like the scalar spectral index (primordial tilt) n s and the tensor-to-scalar ratio r as [107] [108] [109] 
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where C s is the sound wave speed of primordial perturbations, given by
being, as it should, 0 < C s 2 < 1. The related scalar power spectrum, to first order in the SRPs, is given by [7] 
which, evaluated at horizon crossing, should yield the observed P S ≈ 2.9 × 10 −9 [14, 15] . Aiming at obtainingφ from the equation of motion (2.16), we insert the constant-roll condition and obtainφ
Next, we obtain an approximate expression for H as
where we kept terms up to O (φ 2 /2U ) 2 . Substituting this expression in (3.8), we obtain
keeping only terms up to O(φ 3 ). 2 This is an algebraic equation in terms ofφ. It can be re-expressed as
12)
The real solution to the above equation reads: 
Since φ is a fundamental scalar field, interacting with the rest of matter 3 , its self-interaction potential, from a particle physics point of view, could be restricted to a renormalizable form V (φ) = m 2 φ 2 /2 + λφ 4 /4, which in the large field domain is approximated by a quartic potential λφ 4 /4, although, admittedly, higher order terms could not be ruled out. This form of the potential is particularly appealing since it corresponds to the inflationary dynamics of the Higgs potential V (H) = λ (|H| 2 − v 2 /2) 2 for |H| v, driven by a nonminimal coupling with gravity of the form ξ|H| 2 for large values of ξ. 4 Minimally coupled quartic potential 5 This corresponds to setting ξ = 0. In this case we have the relations
which simplify the general expressions for the SRPs, defined by (3.2), to
(4.6) and the scalar power spectrum as
.
(4.7)
In what follows we substitute the real solution ofφ[φ] in the expressions of the slow-roll parameters. We calculate the field value φ f at the end of inflation, by demanding 1 (φ f ) = 1. Finally, the start of inflation is calculated by allowing for a range of (50 − 60) e-folds to pass in order to have the appropriate time for inflation. In the following table we present our results for the observable quantities for a specific set of the parameter space {α, λ, β}. β n s (N = 55) 0.019 0.9761 0.020 0.9721 0.021 0.9681 0.022 0.9641 0.023 0.9601 0.024 0.9561 Table 1 : Values of the spectral tilt n s for α = 10 7 , λ = 10 −13 and varying values of β. Note that as β increases the spectral tilt n s decreases rapidly, while the tensor-to-scalar ratio r is largely unaffected, being r N =55 ∼ 5 × 10 −3 .
The choice of the parameters 6 α = 10 7 and λ = 10 −13 are such that they reproduce the observable value of the scalar power spectrum, as was also noted in [44, 46, 49] . If we allow for the case of varying α, while keeping the other two parameters β and λ at constant values, we obtain the following table. Table 2 : Values of the spectral tilt n s and the tensor-to-scalar ratio r for β = 0.021, λ = 10 −13 and varying values of α ∈ {5, 30} × 10 6 .
For increasing values of α we expect an increase in the scalar spectral index n s and a decrease in the tensor-to-scalar ratio r. It is known, that in the slow-roll approximation, i.e. β → 0, the spectral index n s is explicitly independent of α [35, 38, 40] , at least without accounting for the subleading contribution of the additional kinetic term B(φ). In the present case of constant-roll, we note a dependence of n s on the values of α as well as the, already known, decrease in r as α increases. It is worth mentioning that all the values of α, presented in the above table, together with the values of β and λ, produce a power spectrum P s ∼ 10 −9 , close to its observed value. The results are well within the allowed region of n s and r from the Planck2018 collaboration [14] (see also [15] ), which is n s = (0.9607, 0.9691), 1σ region (0.9565, 0.9733), 2σ region , r < 0.064. (4.8)
Note that the same R 2 -Palatini quartic model, considered in the framework of slow-roll inflation, required an unusually large amount of e-folds (N ∼ 75) in order to agree with the observational bounds on n s . This is in fact recovered taking the slow-roll limit β → 0. In contrast, in the present case of constant-roll inflation with β ∼ 10 −2 , we obtain the desired results for the n s and r with the appropriate amount of e-folds (N ≈ 50 − 60). It is also worth noting that during inflation we have the following order of magnitude hierarchy of the kinetic terms:
for α = 10 7 , λ = 10 −13 and β = 0.021 . This shows clearly that the additional quartic kinetic term has a considerable contribution to the overall dynamics of the inflaton field, when the constantroll condition is applied. It is important to note that the assumptions made for the smallness of the slow-roll parameters i 1, made for instance in order to calculate the tensor-to-scalar ratio, are valid throughout. For example, in the case α = 10 7 , λ = 10 −13 and β = 0.021, we obtain 1 10 −3 , | 4 | ∼ 10 −2 . Additionally, it has been also verified numerically that the analytic solution ofφ[φ] does satisfy the field equation of motion (3.8) , with small deviations at field values after the end of inflation, φ < φ f , as expected. Nevertheless, it should be noted that inflationary dynamics takes place in the large field domain as it becomes clear from the scale of inflation. The scale of inflation is determined in terms of the canonical field Φ, defined as
which, in the case of the specific minimal quartic model studied here, we can simplify it as dΦ dφ
Next, we can substitute the solutionφ[φ], expanding it first around large φ asφ ϑ 0 + ϑ 1 /φ, where ϑ i are constants depending only on the values of the model parameters α, λ and β. This is consistent with the values assumed by the field φ at the end and start of inflation, residing in the transPlanckian region. Then, the relation between the initial field φ and the canonically normalized field Φ is, approximated for large φ,
up to an arbitrary constant C. Independently of C, one can calculate the exact field excursion ∆Φ directly from (4.11). If we assume that α = 10 7 , λ = 10 −13 and β = 0.021, we obtain a value of ∆Φ 14M P . Given the inverted relation between Φ and φ, with the end of inflation at some subPlanckian value Φ i ∼ O(10 −2 )M P , we obtain Φ f ∼ 14M P . Note that the field equation of motion (3.8) , now expressed in terms of Φ, has to be satisfied, at least in the transPlanckian φ domain reflecting the inflationary period. In the case discussed here, this has been confirmed.
Non-minimally coupled quartic potential. Since, quantum corrections are expected, in addition to an R 2 term, to induce a ξφ 2 R term as well, we include in our analysis the case of ξ = 0. In fact, it is known, that in the framework of slow-roll Palatini inflation, the interplay between this non-minimal coupling and an R 2 term allows for appropriate values for the inflationary observables for a small coupling constant ξ, in contrast to the metric formulation of Higgs inflation where large values of ξ are necessary.
Following the same method of analysis, as in the previous case but for ξ = 0, we present our predictions for the n s and r observables in the next figure. Figure 1 : A plot of the n s − r plane, for α = 10 7 , λ = 10 −13 , ξ = 10 −6 and varying values of β ∈ {0.018, 0.022}. The dashed and solid lines represent the 1σ and 2σ allowed range of the n s , respectively, while the whole of the presented parameter space is allowed for r (r < 0.06). Once again, as |β| increases, the spectral tilt n s decreases, while the effect on the tensor-to-scalar ratio r is minimal, r N =50 = 3 × 10 −2 and r N =60 = 2 × 10 −2 .
The values of the parameters, α = 10 7 , λ = 10 −13 and ξ = 10 −6 are chosen such that they reproduce the observable value of the power spectrum in (3.7) . As expected the model can provide an appropriate amount of inflation in the large field domain with relevant results for the inflationary observables. Also, we find that the slow-roll parameters indeed assume small values, in this case as well, i.e. 1 10 −2 and | 4 | ∼ 10 −2 .
The numerical value of the parameter C 2 s , both in the case of minimal and non-minimal coupling, is C 2 s 0.34. As expected we obtain values of C 2 s < 1, while also avoiding instabilities associated with C 2 s < 0. This value holds true throughout the stages of inflation, however, when φ ∼ M P , the parameter tends rapidly to C 2 s ∼ 1.
Summary
In the present article we investigated the inflationary/phenomenological predictions of a scalar field coupled to quadratic gravity in the framework of the Palatini formulation. The resulting Einstein-frame generalized k-inflation effective theory was analyzed assuming that a constant-roll conditionφ ∼ βHφ holds. The equations of motion were derived, as well as the general expressions for the slow-roll parameters and observational indices. We focused on a quartic self-interaction potential, a case of particular appeal modelling Higgs inflation, considering both the cases of minimal and non-minimal coupling of the inflaton to gravity. The results show a significant contribution from the additional kinetic terms, in contrast to the slow-roll analysis of the same model. For an appropriate range of the model parameters, with inflationary dynamics taking place in the large field domain, we obtained values for the inflationary observables, namely the primordial tilt n s , the tensor-to-scalar ratio r and the power spectrum, in the general range allowed by observations both in the case of the minimal coupling as well as the case of non-minimal coupling of the scalar to gravity. Contrary to the slow-roll analysis of the same model, where these results required an unusually large amount of e-folds, in the present case of constant-roll inflation the appropriate amount of e-fold was retained.
